Control charts are used to monitor for process changes. Although a control chart's signal does indicate that a process has changed, it does not indicate when the process change began. Knowing when the process rst changed would assist process engineers in identifying the responsible special cause and ultimately in improving the process. In this paper we propose an estimator of the time of a step change in the process fraction nonconforming. This estimator can be applied after a p or np chart signals that a special cause is present. We illustrate the use of this estimator with an example. We also discuss the performance of this estimator. The results of our performance analysis show that our proposed estimator provides process engineers with an accurate and useful estimate of the time of the change in the process fraction nonconforming.
Introduction
Control charts are used to monitor for changes in a process by distinguishing the special causes of variability from the common causes of variability. When a control chart signals that a special cause is present, process engineers must initiate a search for the special cause. The speci c search will depend upon the process engineers' expertise and knowledge of their process.
Identifying which combination of the many process variables is responsible for the change in the process allows engineers to beproactive in improving quality by preventing changes that lead to poorquality, and perpetuating those changes and optimizing the settings of variables that improve quality.
Knowing when a process began to change would simplify the search for the special cause.
If the time when the change began could be determined, process engineers could focus on a smaller search window within which to look for the special cause. Consequently, the special cause could be identi ed more quickly, and appropriate actions needed to improve quality could be implemented sooner.
Samuel, Pignatiello and Calvin 1998a, 1998b considered step changes in a normal process mean, , and a normal process variance, 2 , respectively. Samuel and Pignatiello 1998c considered a step change in the rate parameter, , for a Poisson process. In this paper, we consider a step change in p, the parameter of a binomial process. The binomial parameter p is the process fraction nonconforming, that is, the probability that a randomly selected item does not conform to speci cations. Such processes are typically monitored by p or np charts depending on whether the subgroup size is constant.
In this paper, we propose a maximum likelihood estimator for the time when the change in p began. This estimator can beused after either a p chart or an np chart has issued a signal.
We show that our estimator provides process engineers with a useful estimate of the time when the process change began. We analyze the performance of our estimator when it is applied after an np chart signals that a special cause is present. We also give an example of the use of the estimator.
Process Step Change Model
We will assume that the process is initially in-control and the observations come from a binomial distribution with p = p 0 , a known parameter value. After an unknown point in time known as the process change point, we assume that p changes from p = p 0 to p = p 1 , where p 1 = p 0 and is the unknown magnitude of the change. Values of 1 represent an increase in p while 1 represents a decrease or improvement i n p. We also assume that once this step change in p occurs, it remains at the new level of p 1 until the special cause has been identi ed and removed. We will assume that the rst signal of a change in p occurs at subgroup numberT . So, when using a p chart, we assume that either b
In the case of constant subgroup sizes, an np chart can beused. In this case, we
We further assume that the control chart signal is not a false alarm. Table 1 . Calculations such as these can be performed easily by storing the historical data and using a spreadsheet for the computations when a signal is received from a control chart.
To obtain our proposed estimate of the time of the change of the binomial process, one needs to nd the largest value of L i . From Table 1 it can be seen that the largest L i value is associated with subgroup 11. Thus, we estimate that subgroup 11 was the rst subgroup obtained from the changed process, and consequently, that subgroup 10 was the last subgroup from the in-control process. That is, our estimate of is b = 10. Therefore, given that a step change in p occurred, it most likely occurred after the formation of subgroup 10 and before the formation of subgroup 11. Process engineers should then beinstructed to examine their log books and records for a special cause that may h a ve occurred during that period of time.
Performance of the Estimator
We will now analyze the performance of our proposed change point estimator. We will consider the use of our estimator with an np chart. The np chart is a special case of the p chart when the subgroup sizes do not vary, that is n i = n for each subgroup i. After the np chart has signaled that a process change has occurred, the estimator is then applied to the data to estimate when the change began.
A Monte Carlo simulation study was conducted to study the performance of the change point estimator. Observations were randomly generated in subgroups of size n from a binomial distribution with parameter p. Observations were generated with p = p 0 for subgroups 1, 2, ..., 100. If any of these subgroups produced a D i which exceeded a control limit, all data from that subgroup were discarded and another subgroup was generated to replace it. This was repeated, if needed, so that no false alarms were observed during the in-control phase of the The expected time of the rst genuine alarm, ET, is the expected time at which the control chart rst signals a change in the fraction nonconforming. Since no false alarms were observed, the expected time of the rst genuine alarm is equal to the average run length ARL plus . Thus, ET = ARL + . In Table 2 we show the expected time of a signal for di erent magnitudes of increases in the fraction nonconforming 1. In Table 3 we show the expected time of a signal for di erent magnitudes of decreases in the fraction nonconforming 1.
We tabulate b , the average change point estimate from the 10,000 simulation runs for various magnitudes of change in the fraction nonconforming. We also give the standard errors of these estimates.
From Table 2 it can be seen that for a 30 increase in the fraction nonconforming = 1 :3 the np chart signals on average ET,100 = 22:38 subgroups after the process actually changed.
In this case, using the MLE estimator provides an average estimate of 100.55, which is quite close to the actual change point o f 100. For a 50 increase in the fraction nonconforming = 1 :5
the np chart signals on average 6.98 subgroups after the process change. In this case, our average Table 5 : Precision of estimator for decreases in fraction nonconforming when used with an np chart, in-control process fraction nonconforming p 0 = 0:1, subgroup size n = 110, change point = 100, N = 1 0 ; 000 independent simulation trials.
fraction nonconforming in Table 4 , and for decreases in the process fraction nonconforming in Table 5 .
From Table 4 The results in Table 5 So far we h a ve i n vestigated the performance of the change point estimator when it is used with an np chart with subgroup sizes of n = 110 and the in-control process fraction nonconforming is p 0 = 0 :1. We will now consider the performance of the change point estimator over several subgroup sizes, n, when the in-control process fraction nonconforming is p 0 = 0 :1. We use Monte
Carlo simulation as in the previous study, but we only look at the = 1 :1 case which w as the smallest increment i n p that we examined. Of all the magnitudes of change, this was the worst case we examined.
From Table 6 it can beseen that when n = 50 one-sided np chart the average estimate of the time of the = 1:1 change is very high 147.72. As n increases the performance of the change point estimator improves both in terms of average estimate as well as probability o f estimating the change point correctly. Table 7 : Average change point estimates and standard errors for increases in fraction nonconforming when used with an np chart, in-control process fraction nonconforming p 0 = 0:01, subgroup size n = 1100, change point = 100, N = 1 0 ; 000 independent simulation trials.
When p 0 = 0:1, the minimum subgroup size required for the np chart to have a positive lower control limit is n = 81. Based on this and the results in Table 6 it seems that n should be at least large enough to ensure that the control chart being used has a positive l o wer control limit.
4.2 Performance of the MLE estimator for p 0 = 0 :01 and a subgroup size n = 1100
We now consider a process with an in-control fraction nonconforming of p 0 = 0:01. We consider the performance of the MLE change point estimator when it is used with an np chart with a subgroup size of n = 1100. The subgroup size was chosen to be large enough so that the chart can detect both increases and decreases in the process fraction nonconforming.
A similar Monte Carlo simulation study was performed as before. Table 7 summarizes the performance of our proposed estimator when there is an increase in the process fraction nonconforming. Table 8 presents results when our estimator is used to estimate the time of a decrease in the process fraction nonconforming.
From Table 7 it can be seen that the MLE change point estimator performs well when the Table 8 : Average change point estimates and standard errors for decreases in fraction nonconforming when used with an np chart, in-control process fraction nonconforming p 0 = 0:01, subgroup size n = 1100, change point = 100, N = 1 0 ; 000 independent simulation trials.
magnitude of the increase in the process fraction nonconforming is greater than 20. For a 30 increase = 1 :3 in the fraction nonconforming, the average change point estimate is 100.51, while for a 50 increase = 1 :5 the average change point estimate is 99.59.
From Table 8 it can be seen that the MLE change point estimator performs well for all magnitudes of decreases in the fraction nonconforming. For a 10 decrease = 0 :9, the ARL of the control chart is 536.91. For a decrease of this magnitude, the average change point estimate is 106.04. For a 30 decrease = 0 :7, the ARL of the control chart is 255.76. Despite this large average delay between the process change point and the time of the control chart signal, the average change point estimate is 99.96.
We will now consider the precision of the change point estimator. From Table 9 , it can be seen that for a 50 increase in the process fraction nonconforming = 1:5, our estimator correctly identi ed the change point in 46 of the simulation trials. Our estimate was within 2 5 subgroups of the true process change point in 82 94 of the trials.
It can also be seen from Table 9 that for a 20 increase in the process fraction nonconforming = 1 :2, our estimator correctly identi ed the change point in 13 of the simulation runs. Our estimator was within 2 4 subgroups of the true process change point in 36 50 of the Table 9 : Precision of estimator for increases in fraction nonconforming when used with an np chart, in-control process fraction nonconforming p 0 = 0:01, subgroup size n = 1100, change point = 100, N = 1 0 ; 000 independent simulation trials. simulation trials.
From Table 10 it can be seen that the MLE has a very good performance for estimating times of decreases in the process fraction nonconforming. It can beseen that for a 30 decrease in the process fraction nonconforming, the estimator correctly identi ed the process change point in 31 of the simulation trials. It was within 2 6 subgroups of the process change point in 67 89 of the simulation trials.
It can also be seen from Table 10 that for a 10 decrease = 0 :9, our estimator correctly identi ed the change point in 4 of the trials. This is a good frequency of correctly estimating the change point given that the ARL of the control chart is 536.91 in this case. For this magnitude of change, the estimate was within 15 subgroups of the true process change point i n almost half 49 of the simulation trials. We now consider the performance of the change point estimator over several values of subgroup size n when the in-control process fraction nonconforming is p 0 = 0 :01. We consider the case of a 10 increase in the process fraction nonconforming.
When p = 0:01 the minimum subgroup size required for the np chart to have a positive lower control limit is n = 891. From Table 11 it can be seen that when n = 500 one-sided np chart the average estimate of the change point is 146.32, which is quite high. As n increases the performance of the change point estimator improves. When n = 800 the average change point estimate is 130.73. As n increases beyond the minimum value required for a two-sided np control chart i.e., n 891, the performance of the change point estimator improves further.
In general, we see that the performance of the estimator is good for values of n larger than the Table 11 : E ect of change of subgroup size n on change point estimation in the case of a 10 increase in p, in-control process fraction nonconforming p 0 = 0:01, change point = 100, N = 1 0 ; 000 independent simulation trials.
minimum n required to have a positive l o wer control limit.
Conclusions
Control charts are used to determine whether or not a process has changed. When a control chart signals that a process has changed, process engineers must initiate a search for the special cause. However, given a signal from a control chart, process engineers do not generally know what caused the change nor when the process change began. Knowing the time when the process change began would simplify the search for the special cause. If process engineers knew when the change in the process began, the search would simply reduce to discovering which process variables or procedures changed during that time. Thus, process engineers would increase their chances of correctly identifying the special cause quickly. This would allow them to take appropriate actions to improve quality sooner.
In this paper, we h a ve proposed an estimator that is useful for identifying the time of a step change in the process fraction nonconforming. We have included an example to demonstrate the use of this estimator. The example shows that the procedure is simple to implement using a spreadsheet.
We have discussed the performance of our estimator when it is used with an np chart with di erent values for p 0 . The results show that the estimator provides accurate and precise estimates of the time of a step change in a process fraction nonconforming especially when the magnitude of the change in p is 10 and larger. The results also indicate that the estimator is particularly e ective for estimating the time of a decrease in the process fraction nonconforming.
This should prove to be especially important when implemented as part of a continuous quality improvement program.
Our proposed change point estimator can beeasily implemented using a spreadsheet. The estimate of the time of the change in the process fraction nonconforming that is obtained using our estimator will beuseful to process engineers who will beable to more easily and quickly identify variables and procedures that might cause a change in their processes. Process engineers can then use this information to optimize the settings of those variables and procedures to improve quality.
